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Abstract

Excess volatility in investment is a widespread issue in two-country open economy

models. Introducing convex adjustment costs to capital at the aggregate level has

become a standard remedy for this. However, it lacks explicit microfoundation. There

is overwhelming evidence that non-convex costs to capital adjustment are the pivotal

form of adjustment costs at the firm level. This paper analyzes the role of fixed costs

to capital adjustment in a two country business cycle model. We find that fixed costs

in this setup - unlike in closed economies - have an impact on aggregate investment

volatilities. Moreover, we find that convex adjustment costs can serve as a stand-in for

these fixed adjustment costs when one is interested in replicating aggregate dynamics

only. Finally, we check whether these stand-in quadratic costs are subject to the Lucas

critique in that the mapping between fixed and quadratic adjustment costs co-depends

on other model parameters.
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1 Introduction

Since Backus, Kehoe, and Kydland (1992) adapted the real business cycle model to the

context of international economics, it has been well known that in this context the model

suffers from excess volatility in capital reallocation across countries. The introduction of

trade in intermediate goods as in Backus, Kehoe, and Kydland (1994) tends to mitigate the

effect, but this depends crucially on parameter values and model assumptions. An ample

range of applications remains in which the assumption of unobstructed, frictionless capital

flows across borders implies an investment volatility relative to output far in excess to what

is consistent with national data1. As was first demonstrated by Baxter and Crucini (1993),

the model’s fit can be significantly improved by the introduction of convex adjustment

costs to capital at the national level. Over time, this has become a standard practice.

However, this can only remain a kludge for removing excess investment volatility as

macroeconomic research trying to microfound aggregate investment behavior has found

fixed and not convex adjustment costs to be the dominant friction to capital adjustment

at the plant or firm level.2 A priori, it is not clear whether a stand-in representative

firm with quadratic adjustment costs is a good representation of many firms that exhibit

lumpy investment behavior. This leaves open what effect on the micro-level these models

actually capture, makes estimated versions of a representative agent open economy model

potentially subject to Lucas’critique, and finally casts doubt on policy predictions. Our

paper therefore introduces fixed costs into an otherwise standard two goods, two country

real business cycle model in the spirit of Backus, Kehoe, and Kydland (1994) and asks

what the aggregate consequences are.

Specifically, we want to answer the following three questions: First, do fixed adjustment

costs at the firm level have aggregate consequences in a model of two large open economies

at all? Second, if so can these effects be captured by a stand in aggregate model with

convex adjustment costs and a representative firm? Third, if they can, how stable are the

identified convex adjustment cost parameters of this stand-in model with respect to non-

adjustment-cost parameters of the underlying lumpy-investment model? In other words:

1Common examples are the cases of perfect substitutability between consumption goods in multi-country
models (e.g. Haan, Judd, and Juillard (2011)), a small open economy setting (e.g. Schmitt-Grohe and Uribe
(2003)) or the presence of nominal frictions (e.g. Chari, Kehoe, and McGrattan (2002)).

2Early studies using US data are Caballero, Engel, and Haltiwanger (1995), Doms and Dunne (1998),
Caballero and Engel (1999) and Cooper, Haltiwanger, and Power (1999). More recent examples are Gourio
and Kashyap (2007) using US data and Bachmann and Bayer (2011a,b) using German firm-level data.
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if we find such approximate representation, how robust is it against the Lucas critique?

This research strategy closely relates to Chang, Kim, and Schorfheide (2010), who have

recently argued for more caution when aggregating over ex post heterogeneous micro units

in the presence of frictions. They look at an incomplete-markets, heterogeneous household

setup, and show that the estimated parameters of homogeneous agents models in these

settings can often lack “fundamentalness”in the sense of the Lucas critique. We find that

fixed adjustment costs do matter for the aggregate, that these effects can be captured by

a quadratic adjustment cost model, but that the so identified quadratic adjustment costs

change when we change non-adjustment cost parameters, i.e. they lack "fundamentalness".

Given that fixed costs and quadratic costs are often cast as rival specifications our

strategy may come as a surprise. Our reason for exploring this possibility is the following:

All papers studying the role of fixed adjustment costs in general equilibrium have found

approximate aggregation in the sense of Krussel and Smith (1998). In particular, they

found that the aggregate stock of capital, which is the only endogenous aggregate state

variable in these models, can be described by a log-linear law of motion just as in a quadratic

adjustment-cost model. This suggests that a log-linear representative firm model is able

to capture the aggregate dynamics of the underlzing heterogenous firm, lumpy investment

model.

In a one-sector closed economy model, Khan and Thomas (2003, 2008) show this to

be true in a very specific sense. They find fixed adjustment costs to be entirely irrelevant

for aggregate dynamics, hence firms can be represented by a single firm not facing any

adjustment costs. In their closed economy general equilibrium model, this irrelevance result

arises because the household’s desire to smooth consumption does not allow for much

variation in savings behavior. This yields that small additional changes in the interest

rate undo all potential aggregate effects of microeconomic lumpiness in a closed economy

because investments are very sensitive to interest rate movements notwithstanding the fixed

adjustment costs, see House (2008), while savings are not. In an open economy setting,

domestic savings are not the only means to finance investment and consumption smoothing

can also be achieved via movements in the current account. This should, in theory, dampen

interest rate responses which leaves room for fixed adjustment costs to matter.

This intuition turns out to be right. In a two country model, non-convex capital

adjustment costs matter for the aggregate in that they dampen investment dynamics at

the national level. The effect is the stronger, the more open an economy is to trade (i.e.,

the smaller its home bias in consumption), such that the Khan and Thomas (2003, 2008)
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result obtains when letting the model converge towards a model of two separate closed

economies.

Finding a dampening effect of fixed costs and approximate aggregation lets us investig-

ate then our conjecture of approximate representation. Indeed, a homogeneous firm facing

convex adjustment costs can act as a handy stand-in to replicate the aggregate dynamics.

Finally, we asses the "fundamentalness" of these convex adjustment cost approximations.

To do so, we construct matches between convex and non-convex adjustment cost paramet-

ers while varying other model parameters, in particular openness to trade and the curvature

of the production function (characterizing the mark-up firms can charge). It turns out that

the link between the two cost specifications is stable with respect to variations in openness.

This allows us to construct an equivalence table that is independent of this fundamental

household side parameter. However, following the point made by Gourio and Kashyap

(2007), we find that in this exercise our quadratic / fixed cost equivalence breaks down

when varying the curvature of the production function .

The intuition for these two seemingly contradictory findings is rather straightforward if

one thinks of the equilibrium as a solution to a social planner’s problem. A social planner

chooses sequences of distributions of capital across production units in order to maximize

utility of the representative household from consumption and leisure. In choosing these dis-

tributions, the planner needs to take into account both the direct costs from capital adjust-

ment as well as the indirect, effi ciency costs from having otherwise equal plants employing

different levels of capital. Between the two costs there is a trade-off. The more frequent

firms adjust, the more effi cient the aggregate stock of capital is distributed. Moreover, this

second, indirect, effi ciency cost is a function of the curvature of the production function.

The higher this function’s curvature, the more costly are capital differences.

Against this backdrop our first result of approximate representation (beyond approxim-

ate aggregation) basically implies that the cost of adjustment in the aggregate are approx-

imately quadratic. Second, since changes in the utility function do not affect the trade-off

between effi ciency and adjustment frequency, they do not change the approximate repres-

entative firms’problem. Third, since changes in curvature change this trade-off, changes

in the production function (or in productivity heterogeneity) change the adjustment costs

of the approximately representative firm.

A number of other recent papers have shown applications in which the non-convexity of

plant-level decisions does matter in shaping aggregate dynamics. Fiori (2012) introduces

a two-sector RBC model in which non-convex capital adjustment costs in the investment
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goods producing sector allow the model to replicate a hump-shaped response of aggregate

investment to productivity shocks. Given that a two-country model can also be inter-

preted as a model with two large sectors, our result reinforces the importance of fixed

capital adjustment costs in inter-sectoral reallocation. Bachmann and Ma (2012) solve

a closed economy model in which aggregate savings can also take the form of inventory

accumulation. They show that a fixed cost to restocking inventories and fixed capital ad-

justment costs have mutually reinforcing effects on aggregate dynamics. In Šustek (2011)

plants face non-convex costs to using different forms of shift work. In consequence, output

volatlity is reduced and output volatility becomes countercyclical. Most similar in spirit to

our work is a paper by Miao and Wang (2011) developed parallel which derives conditions

under which the aggregate dynamics in a model where firms face both fix and convex cap-

ital adjustment costs can be represented by a model where only convex costs are present

and Tobin’s Q is a suffi cient statistic for describing investment dynamics. Their paper

demonstrates that the form of the convex cost function in the isomorphic representation

depends on the size of non-convex adjustment costs. In contrast to our approach, Miao and

Wang (2011) assume constant returns to scale in production at the micro level and then

use convex capital adjustment costs to avoid a degenerated firm problem. By dropping the

constant returns to scale assumption. we can show that the curvature of the production

function enters in the convex adjustment cost representation.

The remainder of the paper is organized as follows: Section 2 presents the model,

Section 3 briefly introduces the numerical solution method, Section 4 explains parameter

choices, Section 5 presents and analyzes our results and Section 6 concludes. An appendix

provides more detailed information concerning the calibration of fixed adjustment costs

and the numerical solution procedure.

2 The Model

We model a world economy composed of two countries Home and Foreign (where neces-
sary, country specific variables will be distinguished by the superscripts H and F respect-

ively). Each country is populated by a representative household and a continuum of firms

producing an intermediate good which differs between the two countries. Competitive final

goods producers use these inputs to produce a local composite good used for investment

and consumption. There exists a complete set of contingent claims which ensures inter-

national consumption risk sharing. The challenge in solving the model lies in the solution
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of the intermediate goods producers’problem in both countries. Here, we closely follow

Khan and Thomas (2008) and can therefore be brief in referring the reader to these papers

for further explanations. Our focus will instead lie on the necessary adaptations to the

solution method for it to be applicable to our model.

2.1 Households

There is a continuum of identical households in both economies who work and consume

and who have access to complete international asset markets. Moreover, they hold shares

in their national intermediate goods producers and are paid dividends.

The households have a felicity function in the consumption of their local consumption

good and in (indivisible) labor, which they supply on the local labour market:

U(Cj , Nj) = log(Cj)−ANj , (1)

where Cj denotes consumption in country j and Nj the households labor supply in country

j. Households maximize the expected discounted present value of intertemporal utility. For

more details on the household side, we refer the reader to Khan and Thomas (2008) and

instead focus on first order conditions of the household optimization problem to determine

the equilibrium real wage and marginal utility of consumption. Let λ be the Lagrangian

multiplier on the household’s intertemporal budget constraint. We obtain the first-order

conditions with respect to consumption

λPCj = UC(Cj , Nj) =
1

Cj
, (2)

where PCj is the current price of the final consumption good in country j. With respect to

labor we obtain

λWj = −UN (Cj , Nj) (3)

where Wj is the nominal wage in country j. Combining this with the first order condition

on consumption and plugging in the assumed functional forms we obtain

Wj/P
C
j = ACj .

Note that with complete international financial markets the resulting allocation must

be effi cient. This, together with the assumption of symmetric initial endowments, implies
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equal Pareto weights and hence the risk sharing condition UC(CF ,NF )

PCF
= UC(CH ,NH)

PCH
.

2.2 Final Goods Producers

In both countries, consumption and investment use a composite good produced by a com-

petitive final goods producer. The final goods producer in country j combines intermediate

goodsXH,F
j , whereXH

j (X
F
j ) are intermediate goods produced in the Home (Foreign) coun-

try and used in country j. Final consumption goods in country j are produced using the

constant returns to scale production function:

Gj(X
H
j , X

F
j ) =

[
ω
1
σXj

j

σ−1
σ + (1− ω)

1
σX¬jj

σ−1
σ

] σ
σ−1

, j = H,F,

where ω measures the home-bias or importance of local intermediate goods for the final

goods production, ¬j denotes the respective other country.
Final goods markets are competitive. Let PXj be the price of the intermediate good

produced in country j. Then final goods producers solve the following cost minimization

problem:

min
XH
j ,X

F
j

PXHX
H
j + PXF X

F
j (4)

s.t.

Gj(X
H
j , X

F
j ) = 1

This cost minimization and perfect competition imply that the price of the consumption

good PCj in country j is given by

PCj =
[
ω
(
PXj
)1−σ

+ (1− ω)
(
PX¬j
)1−σ] 1

1−σ
.

Using the Home country intermediate good as a numeraire and normalizing PXH to one we

obtain as prices for the final consumption good:

PCH (τ) = [ω + (1− ω)τ1−σ]
1

1−σ

PCF (τ) = [ωτ1−σ + (1− ω)]
1

1−σ = τPCH
(
τ−1

)
where τ =

PXF
PXH

denotes the terms of trade.
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2.3 Intermediate Goods Producers

The more complicated planning problem is the one of intermediate goods producer. In

both countries, intermediate goods producers employ predetermined capital and labor and

produce according to a Cobb-Douglas decreasing-returns-to-scale production function

y = zε(kχn1−χ)
1
η

where z is stochastic total factor productivity common to all firms in the country and ε is

firm-specific productivity. A way of reading the decreasing returns-to-scale assumption is as

constant returns-to-scale in production with capital share χ cum monopolistic competition

in intermediate goods, where firms earn a mark-up of η on their sales. This implies revenue

elasticities of capital θ = 1
ηχ and ν = 1

η (1− χ) of labor.

Since we can reasonably expect Khan and Thomas (2003, 2008) result to hold for the

behavior of the world economy, i.e. the presence of fixed idiosyncratic adjustment costs

does not alter aggregate moments in comparison to a standard frictionless model, our focus

will be on moments in the individual economies and on international capital reallocation

in response to productivity differentials between the two countries. For the remainder of

the paper, the aggregate productivity state will therefore be relative productivity ẑt of the

home relative to the foreign economy which shall follow a log-AR(1) process

log ẑt = ρ log ẑt−1 + υ̂

with

υ̂ ∼ N(0, σ2).

We set zHt = ẑt and zFt = ẑ−1
t and discretize ẑt into a 13-state Markov process using

Tauchen’s (1986) method. The idiosyncratic profitability process follows a 15-state Markov

process which is an approximation to a continuous AR(1) process for log profitability with

Gaussian innovations.

Each firm produces an intermediate good but needs to raise capital in terms of the

national composite good. At the beginning of a period a firm receives an idiosyncratic

i.i.d. fixed adjustment cost draw ξ ≥ 0, which is denominated in units of labor. It is drawn

from a distribution G : [0, ξ̄]→ [0, 1]. This distribution is common to all firms:

G ∼ U(0, ξ̄)
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We denote the firm’s planning problem initially in units of the local capital-consumption

good. The intra-period timing is a follows: After having observed innovations to aggregate

and idiosyncratic productivity and its adjustment cost draws, the firm optimally adjusts

labor, produces output and harvests flow profits. Afterwards, the firm decides whether to

pay the adjustment cost and adjust its capital stock to the current target level or whether to

exercise its option to wait and see and let its capital depreciate. Upon investment, the firm

incurs a fixed cost of wξ, where w is the current real wage rate defined in local intermediate

goods wj := Wj/P
X
j . Capital depreciates at rate δ. We can then summarize the evolution

of the firm’s capital stock (in effi ciency units) between two consecutive periods, from k to

k′ as follows:

Fixed cost paid γk′

i 6= 0: wξ (1− δ)k + i

i = 0 0 (1− δ)k

The distributions of firms over capital and idiosyncratic productivity states (ε, k) in

the two countries are summarized using the probability measures µH and µF . They are

suffi cient to describe differences between firms and their evolution over time given the i.i.d.

nature of the adjustment costs. Define m ≡ [µH(k, ε), µF (k, ε)] so that the aggregate state

of the economy is described by (ẑ,m). The distributions evolve over time according to a

mapping Γ from the current aggregate state m′ = Γ(ẑ,m) which will be defined below.

Let v(ε, k, ξ; ẑi,m) denote the expected discounted value - measured in local consump-

tion goods - of a firm that is in idiosyncratic state (ε, k, ξ), given the aggregate state (ẑ,m).

Its expected value prior to drawing its adjustment cost draw is then given by:

v̄(ε, k; ẑj ,m) =

∫ ξ

0
v(ε, k, ξ; ẑi,m)G(dξ) (5)

The dynamic programming problem of a firm in country j is described by:

vj(ε, k, ξ; ẑ,m) = cf + max

{
vdep,max

k′

(
−ac+ vadj

)}
, (6)

where cf are flow profits, vdepj is the firm’s continuation value if it chooses inaction and lets

its capital depreciate, and vadjj the continuation value, net of adjustment costs, if the firm

chooses to invest and adjust its capital stock to the current target level. These functions
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are given by:

cf = max
n

[
zj (ẑ) ε(kχn1−χ)

1
η − wj(ẑ,m)n

]PXj
PCj

(7a)

vdepj = E
[
dj
(
ẑ′,m′

)
v̄(ε′,

(1− δ)
γ

k; ẑ
′
,m′)

]
(7b)

ac = ξwj(ẑ,m)
PXj

PCj
(7c)

vadjj = −i+ E
[
dj

(
ẑ
′
,m′
)
v̄(ε′, k′; ẑ′,m′)

]
(7d)

where both expectation operators average over next period’s realization of the average and

idiosyncratic productivity states, conditional on this period’s values, and we recall that

i = γk′ − (1− δ)k. The stochastic discount factor of the local representative household is
dj

(
ẑ
′
,m′
)

= β
UC(Cj(ẑ

′,m′),Nj(ẑ′,m′))
UC(Cj(ẑ,m),Nj(ẑ,m)) .

We can eliminate the stochastic discount factor by rephrasing the firm’s value function

in terms of utils (details can be found in Khan and Thomas, 2008). Given that investment

uses the composite consumption good, we define its price relative to the firm’s output as

(PXH has been normalized to one):

qj(τ) =


PCH
PXH

= PCH (τ) for j = H

PCF
PXF

=
PCF
τ = PCH

(
τ−1

)
for j = F

. (8)

Denoting the marginal utility of consumption by %j ≡ U
j
C(Cj , Ni), we obtain due to effi cient

risk sharing between the economies:

%j (τ , CH) =

U
H
C for j = H

UFC
PXF
PCF

qF (τ) = %H(τ , CH)
PXF
PCH

qF (τ) = %H(τ , CH)τ qF (τ)
qH(τ) for j = F

(9)

UHC is the marginal utility of consumption in the Home-economy. Importantly, we can
express the marginal utility of the foreign household as a function of home marginal utility

and terms of trade.

Let Vj(ε, k, ξ; ẑi,m) = vjU
j
C(Ci, Ni) now denote the expected discounted value in utils
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of the respective representative household of a firm. This is:

V (ε, k, ξ; ẑi,m) = CF + max

{
Vdep,max

k′
(−AC + Vadj)

}
, (10)

with the components defined analogously to before. These are given by:

CF = max
n

[
zj (ẑ) ε(kχn1−χ)

1
η − wj(ẑ,m)n

]%j(τ , CH)

qj(τ)
(11a)

V dep
j = βE

[
V̄ (ε′,

(1− δ)
γ

k; ẑ
′
,m′)

]
(11b)

AC = ξwj(ẑ,m)
%j(τ , CH)

qj(τ)
(11c)

V dep
j = −i%j(τ , CH) + βE

[
V 0(ε′, k′; ẑ′,m′)

]
(11d)

V̄j(ε, k; ẑj ,m) =

∫ ξ

0
Vj(ε, k, ξ; ẑj ,m)G(dξ). (11e)

Given (ε, k, ξ) and equilibrium prices wj(ẑ,m), %j [τ(ẑ,m), CH(ẑ,m)] and q [τ(ẑ,m)]

the plant chooses employment and whether to invest or let its capital depreciate.3 Denote

as Nj = N(ε, k; ẑ,m), Kj = K(ε, k, ξ; ẑ,m) the intermediate firm policy functions. Since

capital is predetermined, the optimal employment decision is independent of the current

adjustment cost draws. We denote the total intermediate goods output in country j by Yj .

2.4 Recursive Equilibrium

A recursive competitive equilibrium for this economy is completely described by the set:

{wj , %H , τ , Vj , ND
j , N

S
j ,Kj , Cj , X

H
j , X

F
j ,Γ}j=H,F

that satisfy

1. Firm optimality : Taking w, τ , λ and Γ as given, Vj satisfy (10)-(11e) and ND
j ,Kj

are the associated policy functions.

2. Household optimality : Taking w, τ and λ as given, the households’consumptions Cj
and labor supplies NS

j satisfy (2) and (3).

3Note that the problem is symmetric for both countries, which can be exploited to save computation
time.
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3. XH
j , X

F
j solve (4).

4. Labor markets clearing :

NS
j (ẑ,m) =

∫ {
ND
j (ε, k; ẑ,m) +

∫
ξI
[

1− δ
γ

k −Kj(ε, k, ξ; ẑ,m)

]
dG

}
dµj

where I(x) = 0 if x = 0; I(x) = 1 otherwise.

5. Final goods markets clearing :

Cj +

∫ ∫ ξ

0
[γKj(ε, k, ξ; ẑ,m)− (1− δ)k] dGdµH = Gj(XH

j , X
F
j )

6. Intermediate goods markets clearing :∑
l=H,F

Xj
l = Y j

7. Model consistent dynamics: The evolution of the cross-sectional distributions that

characterize the economy in both countries,m′ = Γ(ẑ,m), is induced by {Kj(ε, k, ξ; ẑ,m)}j=H,F
and the exogenous processes for ẑ and ε.

3 Numerical Solution

The aggregate state contains two infinite dimensional objects: The distributions of in-

termediate producers in both countries over capital and idiosyncratic productivity states.

Following Krusell and Smith (1998, 1997) we approximate those distributions by a finite

number of distributional moments. Let m̂ = [kH , kF ] denote our approximate aggregate

state and Γ̂(m̂, ẑ)) denote its law of motion, such that m̂′ = Γ̂(m̂, ẑ). In our applications,

first moments over capital, kH and kF turn out to contain suffi cient information to ac-

curately forecast prices. A number of accuracy tests including R2s are reported in the

numerical appendix. We specify simple log-linear rules to describe price forecasts for % and

τ and the evolution of capital stocks Γ̂.

We impose some economic structure to minimize the effect of simulation and estimation

uncertainty inherent in a Monte-Carlo method such as Krusell and Smith’s (1998) algorithm

(see DenHaan, 1997). For this reason, exploiting symmetry, we assume that world capital
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depends only on previous world capital (and not on its distribution over countries) and the

difference in capital stocks between countries depends only on previous differences and not

on world capital stocks. Moreover, we impose log linear effects of aggregate productivity

on the dynamics of capital stocks as well as prices:4

[
log(kH) + log(kF )

]′
= αworld0 + αworld1

[
log(kH) + log(kF )

]
(12a)[

log(kH)− log(kF )
]′

= α∆
1

[
log(kH)− log(kF )

]
+ α∆

2 log(ẑ) (12b)

log(%H) = α%0 + α%1 log(kH) + α%2 log(kF ) + α%3 log(ẑ) (12c)

log(τ) = ατ1
[
log(kH)− log(kF )

]
+ ατ3 log(ẑ). (12d)

The solution algorithm consists of two steps which are repeated successively until para-

meters of the aggregate laws of motion converge. Using an initial guess for the parameters

of the aggregate laws, we solve the dynamic programming problem posed by equations (10)

- (11e) which becomes computationally feasible once the approximate aggregate state is

used. A number of the problem’s features facilitate the solution considerably. First, the

firms’ employment decision is static and independent of its investment adjustment cost

draw so that it can be maximized out using the respective first order condition:

N(ε, k; ẑ, m̂) =
( w

ẑενkθ

) 1
ν−1

Second, the optimal capital stock chosen conditional on adjustment is independent of the

firm’s current individual capital stock. This optimization problem therefore needs to be

solved only once for each point on the aggregate state grid. Given that adjustment is costly

and that it always holds that V adj
j (ε; ẑ, m̂) ≥ V dep

j (k, ε; ẑ, m̂), the value of the adjustment

cost draw, ξ̂(ε, k; ẑ, m̂), at which the firm is just indifferent between adjusting and exercising

its option to wait and see (i.e. letting its capital depreciate) is given by:

ξ̂j(ε, k; ẑ, m̂) =
qj [τ(ẑ, m̂)]

[
V adj
j (ε; ẑ, m̂)− V dep

j (k, ε; ẑ, m̂)
]

%j(ẑ, m̂)w [τ(ẑ, m̂)]
(13)

Denoting the target capital stock to which a firm with idiosyncratic productivity ε in

country j adjusts in the absence of frictions by k∗j (ε; ẑ, m̂) allows us to compute the firms’

4We checked whether these restriction we imposed actually restrict the dynamics, by estimating versions
without the imposed restrictions and check whether the restrictions would be rejected by a Wald test. We
found that the imposed restrictions would not be rejected in equilibrium.
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second policy function determining investment:

k′ = Kj(ε, k, ξ; ẑ, m̂) =

k∗j (ε; ẑ, m̂) if ξ ≤ ξ̂j(ε, k; ẑ, m̂),

(1− δ)k/γ otherwise.
(14)

Given firm policy functions, we simulate the economy in the second step. In order

to more effi ciently exploit parallel computing resources, instead of using one long draw

of relative productivities, we generate observations for aggregate variables using several

shorter draws of ẑt. During the simulation, market clearing values of % and τ are computed

exactly. This procedure generates a total of T=4800 observations of {m̂t, %t, τ t} which
we use then to update the α-coeffi cients in the aggregate laws of motion by simple OLS

regression. We iterate these steps until an F-Test finds all parameter estimates from two

successive steps statistically indistinguishable. Upon convergence, we have obtained the

Krusell-Smith recursive equilibrium of our economy for a given set of parameters.5

4 Parameter Choices

The model parameters to calibrate are relatively standard. They involve the discount

factor, β, the disutility of labor, A, the parameters of the production function, χ and

η, the law of motion for aggregate productivity, the substitution elasticity in final goods

production, σ, as well as the home bias parameter, ω. The parameters somewhat less

standard are of the idiosyncratic productivity process, ρ and σε and the adjustment cost

parameter ξ̄.

4.1 Open Economy Parameters

The substitution elasticity, σ, between intermediate input goods in the production function

for the final consumption goods is set to 1.5. A common range in the open economy

literature is [1, 2]. A recent estimate for the bilateral productivity process come from

5Our abstraction from variations in world-TFP implies a near constant world capital stock. In the
stochastic steady state of the system, kH and kF are therefore almost perfectly negatively correlated. This
poses a serious problem for the estimation of our Krusell-Smith rules if using only observations from the
stochastic steady state.
We solve this by first letting the system settle into its stochastic steady state during fifty initial periods,

then we lower the capital stock of every firm by 20% and observe the adjustment path of the economies
back to the steady state. This gives enough additional information to identify also the law of motion for
world capital. More details on the solution procedure can be found in the appendix.
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Heathcote and Perri (2002) who use data for the US and the rest of the world as other

economy. Their estimates imply values for our process of log-relative TFP of ρ = .945 and

σ2
ν = 0.0087. For our baseline, we set ω = 0.7 which is about average for OECD countries.

4.2 Parameters for the National Economies

The model period is a quarter. Our choice for β = 0.99 implies an annual interest rate of

4 percent. We set A = 1.852 to match a steady state labor supply of 1/3.

We set the coeffi cients of the revenue function χ = 1/3 and η = 4/3 which implies a

mark-up of 33 % and the implied output elasticities of labor and capital are ν = 1/2 and

θ = 1/4 respectively, as in Bloom (2009). This is also close to the empirical estimate

in Bachmann and Bayer (2011a) for manufacturing. We calibrate γ to imply a technolo-

gical growth rate of 1.4% p.a. and depreciation to 9.4 % p.a and assume for idiosyncratic

productivity

log ε′ = ρε log ε+ σεu (15)

where u ∼ N(0, 1) and set ρε = 0.98 and σε = 0.0459 in line with Bachmann and Bayer

(2011a), who report annual cross-sectional firm level data.

Our baseline specification of ξ = 1.7 matches a cross-sectional skewness in annual plant

investment rates of 2.2 reported in Bachmann and Bayer (2011a) and also matches roughly

the fraction of spike-adjusters (13%) they report for manufacturing6. This estimate is

well in line with estimates by Bachmann et al. (2001), Caballero-Engel (1999), Cooper-

Haltiwanger (2006), or Bloom (2009). In comparing the point estimates, one should keep in

mind, however, that we calibrate to the quarterly frequency. As adjustment costs are i.i.d.

random variables, this implies that actual adjustment costs paid are on average much lower

and the estimate of ξ̄ itself cannot be directly compared to papers calibrated to an annual

frequency, but the implied average resources spent on adjustment can be. Our adjustment

cost estimate implies that conditional on adjustment roughly 29% of the adjusting firm’s

annual labour force is used for installing capital (worth 14% of its annual output) which

is in line with the estimates citet above, see Table 3 in Bachmann et al. (2011). Table 1
below summarizes our parameter choices.

6 If we had matched the fraction of spike adjusters in LRD (19%), a somewhat smaller estimate of
ξ̄ ≈ 0.4 would have been obtained. Note, however, that even at this smaller level, fixed adjustment costs
significantly dampen aggregate fluctuations in investment.
Taking unit aggregation into account as well would increase the estimate of ξ̄ instead.
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Table 1: Parameters

Preferences
HH discount rate β = 0.99
Disutility of labor A = 1.852

Firm production
Output elasticity of capital χ = 1/3
Mark-up in intermediate goods markets η = 4/3
Implied labor revenue elasticity ν = 1/2
Implied capital revenue elasticity θ = 1/4
Rate of technological progess γ = 1.0035
Depreciation rate δ = 0.0235
Persistence in id. prod. ρε = 0.98
Std. of innovations to id. prod. σε = 0.0459

Open Economy
EOS in composite good σ = 1.5
Persistence in relative TFP ρ = 0.945
Variance of innovations to TFP σ2

υ = 0.0087
Import share in consumption 1− ω = 0.3

5 Results

We obtain three sets of results from the simulation of our model. First, under our baseline

specification, fixed adjustment costs dampen capital reallocation between economies. This

effect is the stronger the more open the economies are to trade and vanishes as ω → 1,

i.e. the economies become more similar to a closed economy, so that the main Khan and

Thomas (2003, 2008) result obtains. Second, the aggregate behavior of the economy with

fixed adjustment costs can be represented by an economy with quadratic adjustment costs.

Third, the size of the quadratic costs that yield almost identical aggregate behavior co-

depends on the curvature of the revenue function w.r.t. capital.

5.1 Fixed Adjustment Costs Matter in the Open Economy

We first asses whether non-convex adjustment costs at the firm level matter at all in our

setting in shaping aggregate investment dynamics. In other words, we check whether our

initial intuition that the potential to achieve consumption smoothing via movements in

the current account brings back a role for fixed adjustment costs to capital in shaping the

business cycle.

16



Table 2: Cyclical Properties

Frictionless Non-convex cost Quadratic cost
Model Model Model

Standard deviations in %

Output 1.826 1.775 1.777

Standard Deviation Relative to Output

Investment 6.327 4.426 4.417
Consumption 0.188 0.208 0.207
Employment 0.581 0.495 0.498
Exports 0.869 0.506 0.505
Imports 0.870 0.507 0.505
NX 0.693 0.360 0.378
ToTs 0.939 1.043 1.037

Correlation with Output

Investment 0.860 0.915 0.915
Consumption 0.940 0.985 0.985
Employment 0.961 0.983 0.984
Exports -0.226 0.354 0.343
Imports 0.225 -0.354 -0.343
NX -0.679 -0.656 -0.658
ToTs 0.940 0.985 0.985

Persistence

Output 0.694 0.696 0.696
Investment 0.581 0.627 0.627
Consumption 0.816 0.746 0.746
Employment 0.617 0.655 0.655
Exports 0.747 0.944 0.943
Imports 0.747 0.944 0.943
NX 0.601 0.668 0.667
ToTs 0.816 0.746 0.746

All statistics are averages from 100 simulations of the economy over 200 quarters. All data in logs
except for net-exports (NX) and HP(1600)-filtered. Net-exports are relative to Output.
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Table 3: Investment Volatility relative to output for different openness parameter values

ω = 0.55 ω = 0.6 ω = 0.7 ω = 0.85 ω = 0.9

Frictionless 8.121 7.395 6.327 5.103 4.799
ξ = 1.7 2.981 3.721 4.426 4.413 4.302
Percentage difference 63.3% 49.7% 30.0% 13.5% 10.4%

We compare the aggregate behavior of our economy to a frictionless reference and a

version with partial adjustment that introduces quadratic adjustment costs of the form

φwt

(
it
kt

)2
. We set φ = 3.08, details for this parameter are deferred to the next section.

Table 2 summarizes volatilities, correlation and persistence of a number of key variables

for the three specifications. Two important results can be read from this table. First,

unlike in the closed economy, see Khan and Thomas (2008), non-convex adjustment costs

to capital at the plant level have an effect on the dynamic behavior of macro aggregates

in our open economy setup. Their main effect is to dampen the volatility of aggregate

investment relative to output by dampening impact responses of investment to productivity

innovations and to mildly increase its persistence. Moreover, they change the cyclicality of

exports and imports.

Given the strong difference in results for the open and closed economy, we explore

whether our specification nests the closed economy result as a limiting case of an economy

with perfect home bias in consumption. We therefore solve our model for various values

of the openness parameter, ω, ranging from 0.55 to 0.9. Table 3 displays volatility of

investment relative to output for different parameter values for a frictionless economy and

compares it to one featuring non-convex adjustment costs of ξ = 1.7. Clearly, the effect of

fixed adjustment costs on investment volatility is stronger, the more open an economy is

to trade. Vice versa, at ω = 0.9 the effect has weakened substantially. The closed economy

setting of Khan and Thomas (2008) then obtains as a limiting case. When our economies

are completely closed to trade, fixed adjustment costs once again wash out when looking

at aggregate statistics.

Coming back to Table 2, there is a second observation. The effects of microeconomic

fixed adjustment costs, when looking at aggregate dynamics, are almost indistinguishable

from our quadratic adjustment cost specification. Figure 1 puts this in a graphical ver-

sion and displays the demeaned time series of investment for the same draw of aggregate
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Figure 1: Time-Series of Investment in Fixed Cost and Partial Adjustment Model
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productivity shocks for both the quadratic cost model and the micro-founded fixed ad-

justment cost model7. In fact, the investment series of the quadratic cost model (partial

adjustment) and the fixed cost model perfectly align. In the following section we investigate

this similarity of fixed adjustment costs and quadratic ones more closely.

5.2 Matching Fixed to Quadratic Capital Adjustment Costs

As discussed earlier, the problem of excess volatility in investment is widespread in the

literature on open economy business cycle models. The problem is most severe when the

countries trade perfectly substitutable goods as in Backus, Kehoe, and Kydland (1992)

but it occurs in varying degrees of severity also in settings more comparable to ours. The

introduction of convex or more specifically quadratic adjustment costs at the aggregate

level has become a standard kludge to bring the model closer to the data.

Quadratic costs supply the researcher with an easily manageable tool providing an

additional degree of freedom to scale investment responses to productivity innovations.

7Both series slightly differ in their respective means, because the stochastic costs of capital reallocation
introduce a precautionary motive into the aggregate investment decision in the fixed cost model. Mean-
while, we account for firm heterogeneity only implicitly in the quadratic cost model by simulating one firm
whose TFP is adjusted upwards to account for higher overall productiviy due to log-normally distributed
idiosyncratic productivities.
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At the same time, we know it can invalidate model predictions when a macro outcome is

ad hoc described as the result of a microeconomic decision problem one knows to differ

from the actual one. Concretely speaking, the convenient kludge of quadratic adjustment

costs contradicts the paradigm of micro-foundation as there is widespread evidence for the

main adjustment costs at the plant or firm level being non-convex and not quadratic (see

Cooper and Haltiwanger (2006)). Consequently, estimated versions of these models can be

subject to the Lucas critique in the sense of the cost parameter lacking fundamentalness

with respect to changes in policy and other deep parameters. However, we also know from

the example of Hansen (1985) that it is sometimes innocuous to represent the behaviour

of many agents by a decision problem that no agent actually faces if this is justified by

aggregation itself.

As noted in our first take on the results, the aggregate dynamics in a setting with

microeconomic lumpiness in investment look almost indistinguishable from one where a

representative stand-in firm faces quadratic costs to capital adjustment. In other words, a

researcher who estimates the representative agent quadratic adjustment cost model from

aggregate data only will never reject this model even if our lumpy investment model was

the data generating process. Conversely, a researcher who is only interested in match-

ing aggregate dynamics may well use quadratic adjustment costs at the aggregate level

as a reasonable approximation and accurately reproduce the dynamics of a model which

explicitly takes into account plant level investment decisions and microeconomic lumpiness.

This leads to the question whether such approximate representation holds for a wide

range of model parameters or is particular to our calibration. More specifically, we ask

whether the business cycle dynamics of the fixed adjustment cost model can be matched

with a stand-in standard open economy RBC model that is identical in all parameters

except the size of quadratic adjustment costs, φ, and whether φ only depends on the size
of fixed adjustment costs ξ̄. For this purpose, we first solve our model varying the openness

parameter ω and the size of capital adjustment costs ξ. For every parameter combination,
we then search for a size φ of quadratic adjustment costs such that the law of motion for

aggregate capital coincides between fixed and quadratic adjustment cost specification. To

be precise, we minimize the distance between the resulting parameters of the log-linear law

of motion for relative capital stocks
(
α∆

1 α∆
2

)
in the two model specifications:

min
φ

Ψ
(
φ, ξ̄
)

= min
φ

∑
i=1,2

[
α∆,fixed
i

(
ξ̄
)
− α∆,quad.

i (φ)
]2
.
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Figure 2: Quadratic-Cost-Parameter Match corresponing to Fixed-Cost Parameter, Match-
ing the Law of Motion for Capital
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The reason for this matching strategy is that once accurate rules for predicting the two cap-

ital stocks have been found, at least in the quadratic adjustment cost case, the sequence of

allocations can be pinned down from these rules and labor market clearing.8 The obtained

matches are very close in terms of Ψ, with square-root differences ranging around 2%-6%

of
(
α∆

1 + α∆
2

)
. Figure 2 summarizes the results of this exercise in terms of the matched(

φ, ξ̄
)
pairs. We provide the exact numbers for the matches and minimized distances in

the appendix.

What one can see from this figure is that the mapping from ξ̄ to φ is stable across

different values of the home bias ω. Moreover, the obtained quadratic adjustment costs

estimate is also in line with the numbers typically found when calibrating the quadratic

adjustment cost model to aggregate data.

8 In order to obtain a solution to the firm problem in the quadratic cost setting, we again employ a
global solution technique using a variant of the solution method for the fixed cost case. In matching the
two models, we take into account that firm productivities in the heterogeneous firm model are log-linearly

distributed which implies an upwards adjustment of mean productivity by σ2ε

2
√
1−ρ2ε

and thus raises steady

state capital stocks in both countries compared to a homogenous firm version of the model.
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Figure 3: Levels of φ corresponding ξ̄ = 1.7 for various η
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5.3 Are Convex Adjustment Costs therefore Structural?

As we find the mapping of ξ̄ to φ to be invariant to the home bias ω, an important para-

meter of the household’s preferences, one may suspect the approximate representation to

be actually structural in the sense that the ξ̄ to φ mapping does not co-depend on any

other model parameters. We show that this is not the case. Besides the size of costs ξ̄ also

the curvature of the production function determines the aggregate importance of fixed ad-

justment costs. This is the key insight from Gourio and Kashyap (2007) who show that the

capital-elasticity of revenues, i.e. the curvature of the reduced revenue function, is central

in determining the effect of non-convex adjustment costs. The intuition for this can be

grasped from thinking about the problem from a social planner’s perspective. The planner

chooses sequences of capital distributions (and labor) in order to maximize utility from

consumption and leisure. Fixed adjustment costs imply a trade-off for the social planner

in terms of accepting ineffi ciency from having equally productive firms employing different

levels of capital and paying higher adjustment costs by having more firms adjusting. It

is clear that the effi ciency costs of unequal capital stocks depend on the capital-elasticity

of revenues and are largest around an elasticity of 1/2. The social costs of capital adjust-

ments now result as the minimum loss the social planner can achieve by trading off higher

adjustment frequencies with ineffi cient distributions of capital over production units. This

trade-off is absent in the quadratic cost model and we can expect that changes in the pro-
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duction function yield different mappings of ξ̄ to φ. By the same line of argument we can

expect the same to hold true for variations in productivity heterogeneity σε.

In fact, our "quadratic-fixed costs equivalence scale" breaks down when we vary the

mark-up η. We consider χ = 1/3 as a baseline case and let η ∈ {4/3, 5/4, 6/5} . Figure 3
displays the various equivalent levels of φ corresponding to fixed adjustment costs ξ̄ = 1.7.

As one can see, the equivalent φ depends on the mark-up and is as expected decreasing in

the revenue elasticity of capital.

Interestingly, we can consider this experiment as an example of a policy intervention.

If the mark-up η is a measure of competitiveness, then changes in η can result from com-

petition policy, for example. Now take the stand-in representative firm model calibrated

to aggregate data generated from a world with fixed adjustment costs and η = 4/3, i.e.

data generated by our baseline model. Then this representative firm model predicts a

stronger decrease in investment fluctuations as a result of the policy intervention than does

the (hypothetically true) fixed adjustment cost model. Analogously, we may expect that

time varying mark-ups such as in Jaimovich and Floetotto (2008) or Galí, Gertler, and

López-Salido (2007) have different consequences in a model with fixed and in a model with

quadratic adjustment costs.

6 Conclusions

Chang, Kim, and Schorfheide (2010) have pointed out that in many macroeconomic mod-

els where aggregate dynamics are represented as the decisions of a representative agent,

insuffi cient care is applied when explicitly aggregating across potentially heterogeneous mi-

croeconomic units. We take this criticism seriously and apply it to the context of two coun-

try open economy models. In that literature, the problem of excess volatility in national

investment dynamics is widespread and has usually been addressed by the introduction of

quadratic costs to capital adjustment at the level of a representative firm.

However, this specification lacks empirical microeconomic foundation. Instead, much

of the literature on plant level investment dynamics in the last two decades has focused

on so called lumpy investment models where micro units are faced with fixed costs to

capital adjustment. These models have proven able to reproduce salient features of plant

level investment behavior: long time-spans of virtual inactivity interspersed by occasional

outbreaks of large and concentrated adjustments of the capital stock. How this behavior

affects aggregation is a priori not clear.
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In this paper we have solved a relatively standard two-country real business cycle model

of differentiated goods where firms face idiosyncratic productivity risk and stochastic fixed

costs to capital adjustment. We demonstrate that this cost specification matters for shap-

ing aggregate dynamics. The smoothing effect of fixed adjustment costs is the stronger,

the more open an economy is to trade and the irrelevance result of Khan and Thomas

(2003, 2008) obtains only as a limiting case of no openness to trade. Secondly, our model

serves to rationalize the assumption of convex costs to capital adjustment in a represent-

ative firm setting as the aggregate effects of non-convex adjustment costs turn out to be

indistinguishable from a quadratic cost setting. We argue that for aggregate purposes one

may view the representative agent quadratic adjustment costs model as a suitable approx-

imation. This approximation is not only a statistically sensible representation of the fixed

adjustment cost model but can even be viewed as an economically sensible approximation

in as far as the "deep" adjustment cost parameter of the quadratic adjustment cost model

does only co-depend on the parameters of the deeper fixed costs model that regard the

production side (revenue elasticity of capital and productivity heterogeneity). With this

caveat in mind, we view estimates of the quadratic cost specification as a reasonable macro

representation of the underlying investment technology in a wide range of applications.
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Table 4: Annual Plant Level Statistics

ξ 0.002 0.008 0.05 0.2 0.25 0.4 1.0 1.7
Mean fraction of adjusters 0.95 0.87 0.74 0.65 0.64 0.62 0.58 0.56
Std. fraction of adjusters 0.01 0.01 0.02 0.02 0.02 0.02 0.02 0.02
Investment rate skewness 0.05 0.16 0.48 0.94 1.04 1.27 1.84 2.20
Mean fraction of spike adjusters 0.38 0.36 0.29 0.22 0.21 0.19 0.15 0.13
Std. of fraction of spike adjusters 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
Mean average spike adjustments 0.49 0.50 0.56 0.64 0.65 0.69 0.77 0.82
Std. of average spike adjustments 0.21 0.22 0.24 0.26 0.27 0.28 0.31 0.33
Adj. paid cost as % of annual output 0.11 0.27 0.85 1.98 2.27 3.03 5.34 7.46
Adj. paid cost as % of annual wage bill 0.23 0.55 1.70 3.97 4.55 6.06 10.67 14.92

Results are means from 100 simulations of 6000 plants over 200 periods (quarters). All
statistics refer to annualized plant level investment rates.

A Calibrating Convex Adjustment Costs

The investment adjustment cost parameter ξ of our baseline specification was chosen

to match a cross-sectional investment rate skewness of 2.2 which Bachmann and Bayer

(2011a,b) find in firm level data. Table 4 displays a number of statistics for our baseline

calibration which summarize annual plant level investment behavior as a function of invest-

ment adjustment costs. We always calculate gross annual investment for a plant, simulating

a cross-section of 6000 plants. As spike adjuster, we qualify a plant whose annual gross

investment rate exceeds 20 percent ( it
.5(kt+1−kt) > .2). Mean average spike adjustment refers

to mean capital stock growth conditional on the adjustment being counted as spike. Fi-

nally, we calculate the average cost that firms have to bear from realized adjustments as a

fraction of their annual output and wage bill.

B Matching Convex to Non-convex Adjustment Costs

We minimize the Euclidian distance between the log-linear law of motion of relative capital

stocks in a non-convex and a convex adjustment cost setting as described in the paper.

Table 5 provides the resulting parameter matches and the minimized distance measure.
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Table 5: Parameter Matches and Minimal Distances Ψ

ω = 0.55 ω = 0.6 ω = 0.7 ω = 0.85 ω = 0.9
φ Ψ φ Ψ φ Ψ φ Ψ φ Ψ

ξ = 0.002 0.0300 0.0053 0.0200 0.0051 0.0100 0.0027 0.0000 0.0009 0.0000 0.0015
ξ = 0.008 0.0700 0.0071 0.0500 0.0032 0.0300 0.0007 0.0050 0.0015 0.0300 0.0012
ξ = 0.05 0.2600 0.0025 0.2600 0.0010 0.2600 0.0003 0.2800 0.0012 0.2700 0.0010
ξ = 0.2 0.6600 0.0022 0.6700 0.0021 0.6800 0.0014 0.6500 0.0008 0.6400 0.0006
ξ = 0.25 0.7800 0.0014 0.7800 0.0018 0.7900 0.0012 0.7600 0.0006 0.7400 0.0005
ξ = 0.4 1.1000 0.0003 1.1000 0.0008 1.1000 0.0007 1.0600 0.0004 1.0400 0.0003
ξ = 1.0 2.1500 0.0005 2.1500 0.0002 2.1300 0.0001 2.0700 0.0002 2.0300 0.0002
ξ = 1.7 3.1000 0.0008 3.1100 0.0006 3.0800 0.0003 2.9900 0.0001 2.9600 0.0001

C Numerical Solution Method

In order to numerically solve our model, we need to accurately approximate the laws of

motion of the two cross-sectional distributions over capital and idiosyncratic productivity

states in both countries. Given that our value function is of dimension 3 + 2n where

n ∈ Rn is our number of moments by which to approximate µH and µF , we are limited in

the number of moments for approximation. Another challenge is the simultaneous solution

for the two prices τ and λ during the simulation step.

C.1 Accuracy of the Approximating Laws of Motion

Furtunately, we find that, as in related papers, it is suffi cient to approximate the cross-

sectional distributions by their first moments over capital in order to forecast prices judging

by all standard measures for accuracy. We use the following general log-linear forms for

the aggregate laws of motion:

[
log(kH) + log(kF )

]′
= αworld0 + αworld1

[
log(kH) + log(kF )

]
+ αworld2 log(ẑ) (16a)[

log(kH)− log(kF )
]′

= α∆
0 + α∆

1

[
log(kH)− log(kF )

]
+ α∆

2 log(ẑ) (16b)

log(%H) = α%0 + α%1 log(kH) + α%2 log(kF ) + α%3 log(ẑ) (16c)

log(τ) = ατ0 + ατ1
[
log(kH)− log(kF )

]
+ ατ2 log(ẑ) (16d)

One can view the laws of motion for world capital and capital differences as rotated

versions of laws of motion for capital in each national economy. Theory predicts that such
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forecasting rules for each national economy should be symmetric, as the economies we

model are symmetric. For our rotated rules, this symmetry with respect to the individual

stocks of capital implies the following restrictions:

1. αworld2 = 0

2. α∆
0 = 0

3. ατ0 = 0

Tables 6 to 9 report the parameter estimates which solve the Krusell-Smith algorithm for

the model parameterizations that we consider in our paper. As first measures of accuracy

we report the R2 (Table 10) and forecast error variance (Table 11) along with the regression

results. Note that forecast error variance is generally very low and that in our baseline

calibration the minimum R2 for all regression results is 99,99%.

As argued by Den Haan (2010) very low one-step-ahead prediction errors by themselves

are no guarantee for having found an accurate description of the aggregate behavior of the

economy. We therefore compute an additional measure which allows us to asses accuracy

over longer forecast horizons. Specifically, we simulate the economy over a fresh, long

productivity draw over 5000 periods, calculating market clearing prices and the behavior

of the aggregate capital stock stocks exactly. We record these capital stocks as reference

and then simulate the time path of the same variables using our estimated laws of motion

as the data generating process. Our measure of accuracy is 99th percentile of percentage

deviations between the two series 9 Results are reported in Table 12. The fact that

deviation between the two series is almost always below 1 % and for our baseline calibration

below 0.5% gives us confidence in having found accurate solutions. Also note that there

is no systematic relation between either forecast length and percentage error or cyclical

position and percentage error, i.e. market clearing and forecasting rules do not diverge.

9This is a variant of the accuracy measure proposed in Den Haan (2010) who takes the maximum
percentage deviation as accuracy measure. We therefore require the two series to be very close 99 % of the
time. Our numerical solution for market clearing extremely rarely creates very short-lived spike-deviations.
We view these blips rather as numerical outliers of the root finding algorithm. In fact the maximum
deviations change depending on solving on a 64-bit or 32-bit machine. Therefore, taking the maximum
error is likely to understate the quality of our results.
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Table 6: Krusell-Smith-Rules for
[
log(kH) + log(kF )

]′
ω = 0.55 ω = 0.6 ω = 0.7 ω = 0.85

αworld0 αworld1 αworld0 αworld1 αworld0 αworld1 αworld0 αworld1

Frictionless 0.3002 0.9229 0.3013 0.9226 0.2998 0.9230 0.2999 0.9229
ξ = 0.002 0.3010 0.9219 0.3008 0.9220 0.2999 0.9222 0.2997 0.9223
ξ = 0.008 0.2998 0.9223 0.2993 0.9224 0.2990 0.9225 0.3000 0.9223
ξ = 0.05 0.2957 0.9234 0.2955 0.9234 0.2958 0.9233 0.2964 0.9232
ξ = 0.2 0.2916 0.9243 0.2916 0.9243 0.2916 0.9243 0.2918 0.9242
ξ = 0.25 0.2905 0.9245 0.2905 0.9245 0.2905 0.9245 0.2906 0.9245
ξ = 0.4 0.2876 0.9252 0.2876 0.9252 0.2876 0.9252 0.2878 0.9251
ξ = 1.0 0.2798 0.9270 0.2797 0.9270 0.2797 0.9270 0.2798 0.9270
ξ = 1.7 0.2732 0.9285 0.2732 0.9285 0.2732 0.9285 0.2733 0.9285

ω = 0.9
αworld0 αworld1

Frictionless 0.2999 0.9230
ξ = 0.002 0.2998 0.9223
ξ = 0.008 0.2998 0.9223
ξ = 0.05 0.2965 0.9232
ξ = 0.2 0.2918 0.9242
ξ = 0.25 0.2908 0.9245
ξ = 0.4 0.2879 0.9251
ξ = 1.0 0.2798 0.9270
ξ = 1.7 0.2734 0.9285

C.2 Simulating the economy

For simulating the economy and obtaining updates for the estimates of our aggregate rules

we use the method proposed in Young (2010). This means approximating the distribution of

firms over capital and productivity by a histogram over a fine but fixed grid and assigning all

probability mass in transitions to the grid-points by linearly splitting it up between adjacent

ones. Every period, the two equilibrium prices are computed exactly using the trust-

region-dogleg algorithm of MATLAB’s fsolve as described in Coleman and Li (1996) with

a termination tolerance on prices of 1E-7. During simulations, we use on-grid maximization

methods to solve the firm problems when finding the root of our market clearing conditions.

In order to do that, we interpolate value functions to our histogram capital of grid points

using the current forecasts from the aggregate laws of motion.
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Table 7: Krusell-Smith-Rules for
[
log(kH)− log(kF )

]′
ω = 0.55 ω = 0.6 ω = 0.7 ω = 0.85

α∆
1 α∆

2 α∆
1 α∆

2 α∆
1 α∆

2 α∆
1 α∆

2

Frictionless 0.4542 0.7118 0.6376 0.6306 0.7907 0.5265 0.8821 0.4236
ξ = 0.002 0.4657 0.6840 0.6372 0.6197 0.7884 0.5238 0.8816 0.4244
ξ = 0.008 0.4950 0.6604 0.6474 0.6154 0.7924 0.5229 0.8808 0.4222
ξ = 0.05 0.5683 0.5455 0.6758 0.5514 0.7999 0.4982 0.8833 0.4134
ξ = 0.2 0.6518 0.4189 0.7151 0.4656 0.8103 0.4607 0.8863 0.4018
ξ = 0.25 0.6689 0.3958 0.7247 0.4477 0.8134 0.4520 0.8871 0.3986
ξ = 0.4 0.7053 0.3464 0.7468 0.4062 0.8211 0.4298 0.8892 0.3899
ξ = 1.0 0.7716 0.2559 0.7931 0.3181 0.8407 0.3720 0.8949 0.3646
ξ = 1.7 0.8044 0.2122 0.8190 0.2702 0.8542 0.3330 0.8995 0.3443

ω = 0.9
α∆

1 α∆
2

Frictionless 0.8995 0.3984
ξ = 0.002 0.8989 0.3997
ξ = 0.008 0.8985 0.3967
ξ = 0.05 0.9003 0.3903
ξ = 0.2 0.9023 0.3819
ξ = 0.25 0.9029 0.3795
ξ = 0.4 0.9043 0.3731
ξ = 1.0 0.9082 0.3538
ξ = 1.7 0.9115 0.3378
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Table 8: Krusell-Smith-Rules for log(%H)

ω = 0.55 ω = 0.6
α%0 α%1 α%2 α%3 α%0 α%1 α%2 α%3

Frictionless 1.0123 -0.2357 -0.2014 -0.0704 1.0144 -0.2576 -0.1805 -0.1271
ξ = 0.002 1.0190 -0.2356 -0.2022 -0.0713 1.0191 -0.2577 -0.1801 -0.1272
ξ = 0.008 1.0179 -0.2348 -0.2019 -0.0713 1.0175 -0.2561 -0.1804 -0.1283
ξ = 0.05 1.0135 -0.2323 -0.2011 -0.0727 1.0137 -0.2532 -0.1803 -0.1317
ξ = 0.2 1.0091 -0.2295 -0.2005 -0.0745 1.0093 -0.2494 -0.1808 -0.1365
ξ = 0.25 1.0078 -0.2288 -0.2003 -0.0748 1.0079 -0.2484 -0.1808 -0.1375
ξ = 0.4 1.0043 -0.2272 -0.1996 -0.0755 1.0045 -0.2461 -0.1808 -0.1398
ξ = 1.0 0.9944 -0.2232 -0.1974 -0.0768 0.9945 -0.2404 -0.1802 -0.1446
ξ = 1.7 0.9859 -0.2201 -0.1953 -0.0774 0.9860 -0.2364 -0.1790 -0.1474

ω = 0.7 ω = 0.85
α%0 α%1 α%2 α%3 α%0 α%1 α%2 α%3

Frictionless 1.0114 -0.3011 -0.1355 -0.2164 1.0102 -0.3679 -0.0680 -0.3237
ξ = 0.002 1.0181 -0.3016 -0.1357 -0.2167 1.0179 -0.3682 -0.0690 -0.3258
ξ = 0.008 1.0174 -0.3005 -0.1360 -0.2172 1.0189 -0.3686 -0.0687 -0.3280
ξ = 0.05 1.0143 -0.2976 -0.1362 -0.2228 1.0152 -0.3656 -0.0687 -0.3337
ξ = 0.2 1.0095 -0.2934 -0.1368 -0.2316 1.0098 -0.3613 -0.0691 -0.3433
ξ = 0.25 1.0082 -0.2923 -0.1371 -0.2336 1.0085 -0.3602 -0.0693 -0.3459
ξ = 0.4 1.0046 -0.2894 -0.1376 -0.2387 1.0049 -0.3575 -0.0696 -0.3526
ξ = 1.0 0.9947 -0.2819 -0.1388 -0.2519 0.9947 -0.3499 -0.0708 -0.3725
ξ = 1.7 0.9863 -0.2763 -0.1393 -0.2608 0.9864 -0.3438 -0.0718 -0.3884

ω = 0.9
α%0 α%1 α%2 α%3

Frictionless 1.0100 -0.3911 -0.0447 -0.3596
ξ = 0.002 1.0181 -0.3918 -0.0455 -0.3631
ξ = 0.008 1.0190 -0.3921 -0.0452 -0.3653
ξ = 0.05 1.0152 -0.3891 -0.0452 -0.3711
ξ = 0.2 1.0099 -0.3850 -0.0455 -0.3808
ξ = 0.25 1.0085 -0.3839 -0.0456 -0.3834
ξ = 0.4 1.0050 -0.3813 -0.0459 -0.3903
ξ = 1.0 0.9947 -0.3739 -0.0468 -0.4112
ξ = 1.7 0.9864 -0.3680 -0.0477 -0.4283
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Table 9: Krusell-Smith-Rules for log(τ)

ω = 0.55 ω = 0.6 ω = 0.7 ω = 0.85
ατ1 ατ2 ατ1 ατ2 ατ1 ατ2 ατ1 ατ2

Frictionless 0.3433 1.4083 0.3855 1.2716 0.4140 1.0825 0.4284 0.9249
ξ = 0.002 0.3352 1.4266 0.3877 1.2726 0.4150 1.0841 0.4274 0.9309
ξ = 0.008 0.3291 1.4270 0.3786 1.2844 0.4114 1.0865 0.4285 0.9373
ξ = 0.05 0.3104 1.4575 0.3640 1.3185 0.4033 1.1147 0.4241 0.9537
ξ = 0.2 0.2879 1.4927 0.3425 1.3666 0.3914 1.1588 0.4174 0.9813
ξ = 0.25 0.2834 1.4990 0.3374 1.3765 0.3879 1.1688 0.4157 0.9886
ξ = 0.4 0.2738 1.5126 0.3255 1.3994 0.3793 1.1943 0.4112 1.0079
ξ = 1.0 0.2565 1.5374 0.3007 1.4478 0.3574 1.2604 0.3987 1.0648
ξ = 1.7 0.2481 1.5493 0.2870 1.4741 0.3424 1.3048 0.3887 1.1102

ω = 0.9
αworld1 αworld2

Frictionless 0.4330 0.8992
ξ = 0.002 0.4328 0.9078
ξ = 0.008 0.4336 0.9131
ξ = 0.05 0.4299 0.9279
ξ = 0.2 0.4244 0.9521
ξ = 0.25 0.4229 0.9586
ξ = 0.4 0.4193 0.9761
ξ = 1.0 0.4089 1.0282
ξ = 1.7 0.4004 1.0712
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Table 10: R2s
ω = 0.55 ω = 0.6

αworldx α∆
x α%x ατx αworldx α∆

x α%x ατx
ξ = 0.002 1.0000 0.9950 1.0000 0.9999 1.0000 0.9978 1.0000 0.9998
ξ = 0.008 1.0000 0.9982 1.0000 0.9999 1.0000 0.9990 1.0000 0.9998
ξ = 0.05 1.0000 0.9994 1.0000 1.0000 1.0000 0.9993 1.0000 0.9999
ξ = 0.2 1.0000 0.9998 1.0000 1.0000 1.0000 0.9996 1.0000 0.9999
ξ = 0.25 1.0000 0.9999 1.0000 1.0000 1.0000 0.9997 1.0000 0.9999
ξ = 0.4 1.0000 0.9999 1.0000 1.0000 1.0000 0.9998 1.0000 1.0000
ξ = 1.0 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 1.0000 1.0000
ξ = 1.7 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 1.0000 1.0000

ω = 0.7 ω = 0.85
αworldx α∆

x α%x ατx αworldx α∆
x α%x ατx

ξ = 0.002 1.0000 0.9995 0.9999 0.9997 0.9999 0.9999 0.9999 0.9998
ξ = 0.008 1.0000 0.9998 0.9999 0.9997 1.0000 0.9999 0.9998 0.9998
ξ = 0.05 1.0000 0.9998 0.9999 0.9997 1.0000 1.0000 0.9998 0.9997
ξ = 0.2 1.0000 0.9998 0.9999 0.9997 1.0000 1.0000 0.9998 0.9997
ξ = 0.25 1.0000 0.9998 0.9999 0.9997 1.0000 1.0000 0.9998 0.9997
ξ = 0.4 1.0000 0.9998 0.9999 0.9998 1.0000 1.0000 0.9998 0.9997
ξ = 1.0 1.0000 0.9999 0.9999 0.9999 1.0000 1.0000 0.9998 0.9997
ξ = 1.7 1.0000 0.9999 1.0000 0.9999 1.0000 1.0000 0.9998 0.9998

ω = 0.9
αworldx α∆

x α%x ατx
ξ = 0.002 1.0000 0.9999 0.9999 0.9998
ξ = 0.008 1.0000 1.0000 0.9998 0.9998
ξ = 0.05 1.0000 1.0000 0.9998 0.9997
ξ = 0.2 1.0000 1.0000 0.9998 0.9997
ξ = 0.25 1.0000 1.0000 0.9998 0.9997
ξ = 0.4 1.0000 1.0000 0.9998 0.9997
ξ = 1.0 1.0000 1.0000 0.9998 0.9997
ξ = 1.7 1.0000 1.0000 0.9998 0.9997
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Table 11: Mean squared errors of prediction

ω = 0.55
αworldx α∆

x α%x ατx
ξ = 0.002 5.542E-008 5.587E-006 1.620E-009 1.460E-007
ξ = 0.008 5.465E-008 2.039E-006 1.842E-009 1.464E-007
ξ = 0.05 4.905E-008 6.765E-007 1.968E-009 4.891E-008
ξ = 0.2 4.531E-008 1.596E-007 1.630E-009 1.083E-008
ξ = 0.25 4.506E-008 1.117E-007 1.705E-009 7.238E-009
ξ = 0.4 4.415E-008 5.196E-008 1.721E-009 2.623E-009
ξ = 1.0 3.997E-008 2.331E-008 9.353E-010 1.518E-010
ξ = 1.7 3.641E-008 2.454E-008 6.621E-010 2.380E-010

ω = 0.6
αworldx α∆

x α%x ατx
ξ = 0.002 5.972E-008 4.141E-006 7.494E-009 5.615E-007
ξ = 0.008 5.670E-008 1.888E-006 7.684E-009 5.375E-007
ξ = 0.05 5.572E-008 1.288E-006 5.553E-009 3.702E-007
ξ = 0.2 4.650E-008 6.606E-007 3.671E-009 1.872E-007
ξ = 0.25 4.597E-008 5.442E-007 3.409E-009 1.527E-007
ξ = 0.4 4.481E-008 3.417E-007 2.904E-009 9.246E-008
ξ = 1.0 4.039E-008 1.197E-007 1.704E-009 2.609E-008
ξ = 1.7 3.693E-008 6.632E-008 1.260E-009 1.029E-008

ω = 0.7
αworldx α∆

x α%x ατx
ξ = 0.002 7.915E-008 1.726E-006 2.984E-008 6.859E-007
ξ = 0.008 6.269E-008 7.738E-007 3.153E-008 7.099E-007
ξ = 0.05 5.289E-008 7.038E-007 3.272E-008 7.673E-007
ξ = 0.2 4.832E-008 6.137E-007 3.124E-008 7.200E-007
ξ = 0.25 4.801E-008 5.779E-007 2.941E-008 6.730E-007
ξ = 0.4 4.670E-008 4.825E-007 2.495E-008 5.556E-007
ξ = 1.0 4.237E-008 2.909E-007 1.554E-008 3.117E-007
ξ = 1.7 3.886E-008 1.945E-007 1.059E-008 1.887E-007

ω = 0.85
αworldx α∆

x α%x ατx
ξ = 0.002 1.912E-007 6.188E-007 6.701E-008 5.363E-007
ξ = 0.008 9.371E-008 3.903E-007 9.152E-008 7.351E-007
ξ = 0.05 5.548E-008 2.693E-007 1.137E-007 9.013E-007
ξ = 0.2 5.138E-008 2.724E-007 1.248E-007 9.953E-007
ξ = 0.25 5.196E-008 2.749E-007 1.253E-007 9.991E-007
ξ = 0.4 5.038E-008 2.702E-007 1.235E-007 9.806E-007
ξ = 1.0 4.622E-008 2.371E-007 1.082E-007 8.443E-007
ξ = 1.7 4.288E-008 2.039E-007 8.955E-008 6.859E-007

ω = 0.9
αworldx α∆

x α%x ατx
ξ = 0.002 1.581E-007 4.857E-007 8.607E-008 5.298E-007
ξ = 0.008 8.246E-008 2.160E-007 1.169E-007 7.218E-007
ξ = 0.05 5.612E-008 2.029E-007 1.483E-007 9.082E-007
ξ = 0.2 5.377E-008 2.202E-007 1.692E-007 1.041E-006
ξ = 0.25 5.398E-008 2.198E-007 1.720E-007 1.057E-006
ξ = 0.4 5.276E-008 2.208E-007 1.741E-007 1.068E-006
ξ = 1.0 4.866E-008 2.081E-007 1.630E-007 9.892E-007
ξ = 1.7 4.506E-008 1.876E-007 1.422E-007 8.528E-007
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Table 12: Long-run accuracy
ω = 0.55 ω = 0.6 ω = 0.7 ω = 0.85 ω = 0.9

ξ = 0.002 0.50 0.54 0.53 0.42 0.41
ξ = 0.008 0.39 0.44 0.39 0.33 0.32
ξ = 0.05 0.30 0.41 0.40 0.36 0.33
ξ = 0.2 0.27 0.39 0.44 0.37 0.36
ξ = 0.25 0.25 0.37 0.43 0.38 0.36
ξ = 0.4 0.21 0.32 0.40 0.37 0.36
ξ = 1.0 0.20 0.26 0.35 0.35 0.35
ξ = 1.7 0.20 0.22 0.31 0.33 0.34

99-percentile of percentage-deviations of actual market clearing capital stocks from the one
implied by the aggregate law of motion for a simulation over 5000 periods.
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